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Abstract. Let X, X»,... be i.i.d. copies of a d-variate random vector ('point’) X with
a spherically decomposable distribution, which means that the Euclidean norm || X]| of X
and the directional part X/||X|| are independent. We derive the limit distribution of the
maximum interpoint distance D,, := maxi<;<j<n [|X; — Xj|| as n — oo under the condition
that the distribution function F' of | X|| satisfies 1 — F(s) = s™®*L(s) as s — oo for some
« > 0 and some slowly varying function L. Whereas D,,, after suitable rescaling, has a Gum-
bel limit distribution if X follows the (short-tailed) spherically symmetric Kotz distribution
[6] and a Weibull limit if X takes values in a sphere [11], the limit distribution of D,, under
the condition given above is none of the three types of classical extreme value distributions.
The method of proof also covers the case of long-tailed elliptically symmetric distributions,

such as the class of symmetric multivariate Pearson type VII laws.
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1 Introduction

Let X7, Xo,... be independent and identically distributed (i.i.d.) copies of a d-dimensional
random vector ('point’) X. In recent years, the largest Euclidean interpoint distance
D o= max [ X; — Xl

has been an object of ongoing interest, although still little is known on the limit behavior of
D,, for a general underlying distribution of X. Matthews and Rukhin [10] derive the limit
distribution of D,,, upon suitably rescaling, if X has a standard normal distribution in R,
and Henze and Klein [6] generalize this result to points from a spherically symmetric Kotz
type distribution having a density proportional to ||z||*®~1) exp(—«||z||?), where 2b + d > 2
and k£ > 0 (see Fang, Kotz and Ng [4], Section 3.2). In this case, for some sequence uy,

converging to 0 at the rate loglogn//logn, we have
D
2k+/(1/K) logn (Dn —2+/(1/k)logn — un) — G,

where -2’ means convergence of random variables and stochastic processes, and G is a
random variable having the Gumbel distribution function exp(—exp(—t)). In particular, we
have D,, — %/W L, 0, where 'L.7 denotes stochastic convergence.

If the distribution of X is supported by the unit d-sphere B = {z € R : ||z| < 1},
results on the limit behavior have been obtained by Lao [8] for the uniform distribution over
B% and, independently of Lao [6], by Mayer and Molchanov [11] who used a different method
and covered more general underlying distributions supported by B¢. For example, we have

(Mayer and Molchanov [11), Lao and Mayer [9]

(1.1)  lim P <7’n4/(d_1+4°‘)(2 —D,) < t) =1—exp <—t%+20‘> , t>0,

n—oo
if R := || X]|| and U := X/||X]|| are independent, the distribution function F' of R satisfies
F(1—35)~1—as*as s | 0 for some positive constants a and «, and the distribution of
U has a density with respect to the surface area measure on the boundary of B¢ (the latter
distribution, as well as a, o and d, enter into the constant 7 figuring in (1.1)). Hence, D,,,
after a suitable affine transformation, has a Weibull limit under this setting.

If the distribution of X is supported by some compact set K  R¢ with diameter & (K) =
sup, yer ||z —yll, we have D, — §(K) almost surely (under weak regularity conditions), and
it is natural to ask whether §(K) — D,,, when suitably scaled, has a non-degenerate limit

distribution. Result (1.1) is one example within this more general setting. Appel and Russo



[1] state a limit theorem on D,, in the special case d = 2 when the distribution of X is uniform
and K has a finite number of major axes with no common vertices. Moreover, the boundary
of K near the endpoints of these major axes is locally defined by regularly varying functions

having indices larger than 1/2. If K is the unit square, we have
Vn(vV2 = D) 25 min(Wy + Wa, Wi+ W),

where Wy, Wy, W3, Wy are i.i.d. random variables having the Weibull distribution function
1 — exp(—t?), t > 0. It should be stressed that, apart from the sphere B¢, nothing is known
on the limit behavior of D, if the compact set K has a smooth boundary. For the case
of a proper ellipse in IR?, there is a long standing conjecture that n?/3(6(K) — D,,) has a
non-degenerate limit distribution (see Appel and Russo [1]), Theorem 3).

In this paper we consider the case that the distribution of X is spherically decomposable,
which means that P(||X|| > 0) =1 and that the norm ||X|| and the directional part X/||X||
of X are independent. Moreover, we assume that the right tail of the distribution function
of || X|| decays (essentially) like a power law. Notice that this assumption is more general
than spherical symmetry, which holds if the distribution of X /|| X]|| is uniform over the unit
sphere surface S~! = {z € R?: ||z|| = 1}. In Section 4 the results are generalized to the case
that the underlying distribution is an affine image of a power-tailed spherically decomposable
distribution.

We close this introduction by mentioning that D,, is a functional of the convex hull P,
of Xq,...,X,. For a recent overview over results on other functionals of P,, see Reitzner

12].

2 Main results

Let (2, A, P) denote the probability space on which X, X3, Xs,... are defined. Writing
R = |X|, U= X/|X|, Rj = || X;]| and U; = X;/||X;|l, j > 1, it follows that X; = R;U;
with independent factors R; and Uj, with U; having some arbitrary (possibly degenerate)
distribution over S%~!. Under this setting, the rate of growth of the maximum interpoint
distance D,, depends solely on the right tail behavior of the ’radial’ distibution function
F(s) = P(R < s), s > 0 (see Theorem 1). In what follows, we assume that F' belongs to

the maximum domain of attraction of the Fréchet distribution having distribution function



O, (t) = exp(—t~%), t > 0, for some v > 0. In this case, we have
(2.1) 1—F(s)=s%-L(s), 5> 0,

for some slowly varying function L. In other words, the right tail of F' is regularly varying
with index —« (see, e.g., Embrechts et al. [3], A3). Together with the independence of the
radial part R and the directional part U of X it follows that

_ P(R>tr,U € A)
22) 1
(22) ==y

r >0, A€ B(S% 1), where S is shorthand for the distribution of U on (the o-algebra B(S91)

= r “S(4),

of Borel subsets of) S¢~!. Condition (2.2) is equivalent to the d-variate regular variation of
the distribution function of X (see e.g. Resnick [13]).

To state the main result, we adopt the notation of Resnick [14], Chapter 3. Consider the
punctured compact space E = [—00, 00]¢\ {0}, in which compact subsets are those closed sets
bounded away from the origin 0 € IR, equipped with the Borel o-algebra & of E. Write e,
for the Dirac measure centred on a point z € E, and let Mp(E) be the set of point measures
m of the form m = Z;‘;l €z;, where {z; : j > 1} is a countable collection of not necessarily
distinct points of E. We assume that m is Radon, which means that m takes finite values
on compact subsets of E. The set Mp(F) is equipped with the smallest o-algebra (denoted
by Mp(FE)) such that the evaluation maps Mp(E) > m — m(B) € [0,0|, B € &, are
measurable.

A point process on F is a random element of Mp(FE) that is defined on some probability
space. A Poisson process with (Radon) intensity measure p is a point process & such that,
for k € {0,1,2,...}

k
P(E(B) = k) = exp(~u(B)) - XL

and P(¢(B) = k) = 0, otherwise. Moreover, £(By),...,£(B;) are independent for any choice

, if w(B) < oo

of [ > 2 and mutually disjoint sets B1,...,B; € £. As a last bit of notation, conv M stands
for the convex hull and §(M) = sup{||z —y|| : z,y € M} for the diameter of a bounded subset
M of R%.

The following result shows that the rate of growth to infinity of the largest interpoint
distance depends solely on the radial part of the underlying distribution.

Theorem 2.1 Let ¢, = inf{t € R: F(t) > 1 —1/n}. Under the standing assumptions and

condition (2.1), we have

c;'Dy, N d(conv{Py : k>1}) as n— oo,
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where {Py : k > 1} are the points of a Poisson process on (E,E) with intensity measure v

defined by
(23)  v({=: [zl > ra/llz]] € A}) = r7*S(A)
(r >0, AcB(S¥1)).

Proof: Define point processes N, n > 1, and N on E by
n o
(24) N, = Z €lx; N = Z €D, s
j=1 k=1

with {Py : k > 1} given above. From Proposition 3.21 of Resnick [14], we have N, 2N
as n — oo. Let C(K?) denote the collection of non-empty convex compact subsets of R,
equipped with the Hausdorff metric p(K,H) = inf{e > 0 : K C H¢, H C K¢}, where
M? = {z : infyep ||z — y|| < €}, rendering (C(K?),p) a complete separable metric space.
Consider the function 7' : Mp(E) — C(K?), defined by

T(m)=T Zemk = conv{xy : k > 1}.
k>1

Since v(E \ RY) = 0, the mapping T is a.s. continuous (see Davis et al. [2], p. 8-9). From
N, P, N and the continuous mapping theorem (see, e.g., Kallenberg [7], p.76) we therefore

have

(2.5)  conv{c, ' X1,...,c X} 2, conv{Py, : k> 1}

rn

in C(K%). Note that v(E \ R?) = 0 ensures that conv{P} : k > 1} is compact in IR%. Since
the mapping C'(K%) > M — §(M) is continuous with respect to the Hausdorff metric, another

appeal to the continuous mapping theorem yields

et X)) 2, d(conv{Py : k > 1}),

ren

c; Dy = §(conv{c; X, ...
as was to be shown. O

Writing ~ for equality in distribution, we have

(2.6)  d(conv{Pr:k>1}) ~ sup [|Y;U; —Y;Uj,
1<i<j<oo

where Y7,Y5, ... is a sequence of random variables such that, for fixed £ > 1, (Y7,...,Y%) is

a k-dimensional ®,-extremal variate with density

k
27 BBty ) =afexp (7)) ]tV x> 24>0
=1
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(see, e.g. Theorem 4.2.8 and Example 4.2.9 of Embrechts et al. [3], and Uy, Us,... is a se-
quence of i.i.d. copies of U which is independent of Y7, Y5,.... In fact, ¥; may be considered
as the j-th largest of ||P1]|,||P2]|,... and U; as the directional part of the respective point.
Notice that U; has the same distribution as X; /|| Xl

Remark 2.2 One could prove the weak convergence of c;'D,, to the right hand side of
(2.6) along the lines of Henze [5] by showing weak convergence of the random sequence
Z, = (Znk)k>1, where Z, ) = cglean[k,n] if k¥ < nand Z,; = 0, otherwise, in the
separable Banach space ¢ = {z = (z;);>1 € [RY™ : lim;_« 2; = 0}, equipped with the
supremum norm ||z« := sup;>q [|x;|. Here, Ry, > ... > R, , denote the order statistics of
Ry,..., Ry, and Uy ), - - -, Upp ) are the concomitants of the order statistics Ry p, ..., Ryn,
Le. we have U ,,) = U; if Ry, = R;. However, such an approach would hide an important

structural feature of the results.

Corollary 2.3 Under the standing assumptions, suppose that the function L figuring in
(2.1) satisfies

(28) I L) =7
for some positive finite v. We then have

(yn)~V*D, 2, d(conv{Py : k > 1}),
where {Py : k > 1} is given in Theorem 1.

Condition (2.8) covers the case of Pareto-like distributions for R, like the Pareto distri-
bution, the Cauchy distribution, the Burr distribution and stable distributions with exponent

a < 2.

3 Bounds for the limit law and examples

Writing D for the right-hand side of (2.6), the triangle inequality and the inequalities Y; >
Yo > ... yield

(3.1) D <Y +Y5.



On the other hand, the fact that Y; — 0 almost surely as j — oo implies
(32) D>YW

almost surely. This means that the limit distribution of the largest interpoint distance is
stochastically bounded by the first extremal variate and the sum of the first and second
extremal variates. In particular, the distribution of D is always non-degenerate whatever
choice of the directional distribution.

The lower bound (3.2) is attained if the distribution of U is the Dirac measure centred
on some point a such that ||a|]| = 1. We conjecture that the upper bound (3.1) is not attained
regardless of the distribution of U and that, for any given radial distribution, the distribution
of D is stochastically largest if U has a uniform distribution over S*!, i.e., X has a spherically
symmetric distribution. If the distribution of U is a symmetric mixture (d, + d_g)/2 of Dirac
measures at opposite points on the sphere surface, the distribution of D is an infinite mixture
of the distributions of Y7 + Y}, j > 2. More precisely, we have

o0
(33) D~ 279pVitYien

j=1
where, generally, PZ stands for the distribution of a random variable Z. To prove (3.3),
suppose without loss of generality that U; = a. Then, because of Y7 > Y5 > ..., we have
D =Y, +Yj, where j = min{m > 2 : U, = —a}. Since Us,Us,... are independent, and
P(Uy, =a) = P(Uy, = —a) = 1/2, (3.3) follows.

The following are some examples with simulation results.

Example 3.1 Suppose R has an (absolute) Cauchy distribution so that F(s) = 2 arctan(s),
s > 0. Then (2.1) holds with v = 1 and L(s) = s (1 — 2 arctan(s)). Since limgjoo L(s) = 2/,
it follows from Corollary 2.3 that

on\ ! D

(Z) pu2 sw -y,

™ 1<i<j<oo

where Y1,Y5,... and Uy, Us,... are given in (2.6), and the sequence (Yj);>1 has finite-

dimensional distributions (2.7) with o = 1.

K+s

k > 0, we have 1 — F(s) = s - L(s) with L(s) = (Rsfs)a. Since L(s) — k* as s | oo,

[e%
Example 3.2 If R has the Pareto distribution function F(s) =1 — ( E ) for some o > 0,

Corollary 2.3 yields

kn~Ye.p, 2, sup ||Y;U; = YU,
1<i<j<oo
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where Y7,Y5, ... and Uy, Us,... are given in (2.6).

Figure 1 (left) shows a simulation of the empirical distribution function (edf) of (2n/m)~!-
D,, if R has an absolute Cauchy distribution. Figure 1 (right) exhibits the edf of n=%/4. D,,,
where R has the Pareto distribution with k = 1 and a = 4. In both cases, the distribution of
U is uniform over the sphere surface, the number of points is 10, and the number of replica-
tions is 10%. The upper and lower curves in both figures are the corresponding distribution

functions of Y7 and Y7 + Y5, respectively.
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Figure 1: Edf of (2n/7)~' - D,, (left) and n='/* . D,, (right), corresponding to
Examples 1 and 2. The upper (lower) curve is the distribution function of ¥; and

Y1 + Y, respectively.

4 Generalizations

4.1 Affine Transformations, elliptically symmetric distribu-

tions

Suppose that X = AX, where the distribution of X = RU satisfies the standing assumptions,
and A is a regular d x d-matrix. Notice that this assumption covers the case of elliptical
symmetric distributions (arising if the distribution of U is uniform) that exhibit a power law

decay of the distribution function of ||X||. Suppose that Xi, Xs,... is an i.i.d. sequence of



copies of X. Writing

D, = X; — X
n 1§Igl<ajx§nll i — Xl

for the maximum interpoint distance of Xi,. .., X,, we have the following result.

Theorem 4.1 We have
¢ tD, 2, d(conv{AP; : j > 1}),
where ¢, and {P; : j > 1} are given in the statement of Theorem 1.

Proof. Using (2.5) and the fact that the mapping C'(K%) > K +— AK is continuous with
respect to the Hausdorff metric (notice that p(AH, AK) < ||A| - p(H, K), where ||A|| is the
spectral norm of A), we have

c;'D, = c;'(conv{AXy,..., AX,})
= §(A conv{c; ' Xq,...,c; X))
L5 (A conv{P;: j > 1})
= O(conv{AP; :j >1}).

O

As an example, let X = AX with a regular d x d-matrix A, and X having the spherically
symmetric density f(z) = (a)/(T'(a — d/2)(zk)¥?)(1 + ||z||?) /&) =%, = € RY, where k > 0

and a > d/2. Putting A = AAT, where T denotes transpose of matrices and vectors, X has

T I'(a) T AT\
f(”“’)‘r<a—d/2><m>d/2rml/2’(” p > ’

z € R?, where |A| is the determinant of A. Notice that, apart from an additional lo-

the density

cation parameter p (which has no influence on distances between points), f is the den-
sity of the (elliptically) symmetric multivariate Pearson type VII distribution, denoted by
X ~ MPVIIi(k,a,p,A) (see, e.g. Section 3.3 of Fang et al. [4]. Straightforward calcula-
tions yield

PX|>1) = = /H/(Hﬂ) a=d/2-1(1 _ 1)d/2-1 4
~ B(d/2,a—d/2) ), Y Y Y,

where B(a, ) = I'(a)I'(8)/I'(a + () is the Beta function. It follows that P(||X| > t) =
L(t)t~ (=4 t > 0, where L is a slowly varying function satisfying
Ra—d/2

(1) Jim L(t) = B(d/2,a —dj2)(a —d/2)

9



From Corollary 2.3 and Theorem 4.1 we thus have the following result.

Corollary 4.2 If X1, Xo, ... are i.i.d. points from the symmetric multivariate Pearson type

VII distribution M PV IIi(k,a,p,A), we have
(yn)~V/Ca=d D, 2, d(conv{AP; : j > 1}) as n — oo,

where v is given by the right-hand side of (4.1). Notice that the Poisson process {P; : j > 1}
is isotropic, and that the limit distribution depends on the matrix A only via A = AAT.

4.2 Random sample sizes

Under the conditions of Theorem 2.1, suppose that (Z(t));>0 is a process of integer-valued

random variables, which is independent of (X;);>1 and satisfies

as t — oo for some A € (0,00). For example, (Z(t));>o could be a homogeneous Poisson
Process on [0, 00) with intensity . Putting
D! := max X — X,
pm X - X

we have the following result.

Theorem 4.3 Under the standing assumptions on the distribution of X, we have
1D} 2, d(conv{Qy : k > 1}),

where {Qy, : k > 1} are the points of a Poisson process on (E,E) with intensity measure \v,

with v given in (2.3).

Proof. Define point processes on (E, &) by

&n = ZECTLIXJ" é.:ZEQja
j=1 7j=1

and write ¢, (f) = Eexp(—=&nf), ¥e(f) = Eexp(—£f) for the Laplace functionals of &, and

&, where f is a continuous nonnegative function on £ with compact support. By conditioning

10



on Z(n) and using the independence of Z(n) and X1, ..., X,,, we obtain

Z(n)
ve,(f) = E|E|expq—>_ flc,' X)) p|Z(n)
j=1

= E[({Bewm(-f(c x)}") "]

~ exp {—/E (1 - e_f(x)) /\u(d:n)} as n — 00

= e(f),

where the convergence follows from uniform integrability and the fact that the process IV,
defined in (2.4) converges to a Poisson process with intensity measure v, having Laplace

functional exp(— [ (1 —e 1@y (dz). Thus, &, 2, € as n — 00, and the rest of the argument

follows the lines of the proof of Theorem 1. O
We have
Seonv{Qy k> 1))~ sup  [Yiali — YUl
1<i<j<oo
where Y7 », Y3 y,... is a sequence of random variables with finite-dimensional distributions
given by
k
RO\ (1, tk) = (@) exp (<At %) - [T, ti>t>... >>0,
i=1

and Uy, Us,... is a sequence of i.i.d. copies of U (figuring in (2.2)), which is independent of
Y1), Y2 x, ... (cf. Theorem 4.3.4 of [3]). Here, Y\ may be considered as the j-th largest of
|1Q1ll, 1Q2]], ... and U; as the directional part of the respective point.
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